The free energy and correlation lengths of the spin-1/2 XY Z chain are studied at finite temperature. We use the quantum transfer matrix approach and derive nonlinear integral equations for all eigenvalues. Analytic results are presented for the low-temperature asymptotics, in particular for the critical XXZ chain in an external magnetic field. These results are compared to predictions by conformal field theory.
Introduction
One of the simplest models of magnetism is the Heisenberg model describing the exchange interaction of spins. Despite its simplicity, in general only approximate methods are available for its study. An exception to this situation is the one-dimensional spin-1/2 case. Very early Bethe [1] constructed the eigenstates for the isotropic spin-1/2 Heisenberg chain. Much later also the fully anisotropic spin-1/2 XY Z chain was discovered to be integrable [2, 3] as it is related to the exactly solvable eight-vertex model [4] . In this way the spectrum of the XY Z chain and the ground state correlation lengths are known, cf. [5, 6] . The thermodynamics of this model were studied in [7] by an elaborate version of the method used in [8] . Unfortunately, only the free energy of the XY Z chain could be studied within this approach, the correlation functions at finite temperature remained out of reach.
In this paper we apply an alternative method to the thermodynamics of integrable quantum chains giving the free energy and correlation lengths. Our treatment will follow somewhat the approach of [9, 10] where the Suzuki-Trotter formula was employed leading to a mapping of quantum chains at finite temperature to classical two-dimensional lattice models. The quantum transfer matrix of the Heisenberg model was identified as the diagonal-to-diagonal transfer matrix of the exactly solvable six-vertex model which is identical to the row-to-row transfer matrix of an inhomogeneous six-vertex model. The eigenvalues are known in terms of a Bethe ansatz [11, 12, 13] , the largest one yielding the free energy and the next-leading ones the correlation lengths. The study of the limit of infinite Trotter number poses a certain problem. In [9] this limit was taken numerically by extrapolation of the eigenvalues, in [13, 14] it was done analytically for low temperatures. In [10] the limit of infinite Trotter number was taken analytically at the Bethe ansatz level for any finite temperature. The derived equations are not of the integral equation type as in [7] . However, they are very useful for numerical calculations. Unfortunately, only the zero temperature limit of them could be studied analytically [10] . This is the main motivation for us to choose another approach to the study of the quantum transfer matrix.
In section 2 we review the two-dimensional eight-vertex model and its relation to the spin-1/2 XY Z chain. The quantum transfer matrix is introduced by a direct mapping of the XY Z chain at finite temperature to an inhomogeneous eight-vertex model. In section 3 the eigenvalue problem for the quantum transfer matrix is investigated. The Bethe ansatz equations are analyzed within the 'non-linear integral equation' approach [15, 16, 17, 18] . This allows for a very simple treatment of the infinite Trotter number limit. For the partially isotropic XXZ chains, also the thermodynamics in an external magnetic field can be studied. As a result we obtain integral equations for the largest eigenvalue and the next-leading eigenvalues of the quantum transfer matrix. In section 4 certain limiting cases are investigated analytically, in particular the low-temperature limit. The critical XXZ chain in a magnetic field is studied in section 5. The low-temperature asymptotics of the specific heat and correlation lengths are derived and compared to predictions by conformal field theory. The non-critical XXZ chain and the related spin-1 purely biquadratic chain are investigated analytically as well as numerically in section 6. Several technical details and calculations are deferred to three appendices.
The quantum transfer matrix of the XY Z chain
We first consider the symmetric eight-vertex model on a square lattice with periodic boundary conditions. Each bond of the lattice is occupied by an arrow which is pointing either up/down or right/left, respectively. The only allowed arrow configurations are such that there is an even number of arrows pointing into (and out of) each vertex of the lattice. There are eight-vertex configurations with associated Boltzmann weights a, b, c and d, cf. Fig. 1 . This model is exactly solvable for all Boltzmann weights [4] which are conveniently parametrized by elliptic functions
with the elliptic modulus k, the crossing parameter λ and the spectral variable v as new parameters. The theta functions H, Θ, and the quarter-periods K, K ′ are defined in appendix A. The 'antiferroelectric' regime of the eight-vertex model in the new parameters is given by the restriction
For convenience we set the trivial scale of the problem to the value We next consider the row-to-row transfer matrix T (v) as a function of the spectral parameter v, holding k and λ fixed. T (v) is a family of commuting matrices [4] with two special points v = ±λ at which T reduces to left and right shift operators which are exponentials of the momentum operator P . At these points the Hamiltonian limit of the model can be taken by the logarithmic derivative of the transfer matrix 4) leading to the XY Z chain describing the exchange interaction of 1/2 spins
σ X,Y,Z are the Pauli spin matrices and we have cyclic boundary conditions σ L+1 = σ 1 .
The interaction coefficients are functions of k and λ 6) where snh , cnh , dnh are related to standard elliptic functions, cf. appendix A. In place of (2.4) we shall utilize more directly the relation
with H = H XY Z (up to an additive constant) from which we immediately conclude
This equation relates a product of certain row-to-row transfer matrices to the exponential exp(−βH) where β is the inverse of the temperature T and N is a large even 'Trotter' number. The partition function of the Hamiltonian can now be expressed in terms of the transfer matrices
So, the partition function of the quantum chain at finite temperature is given by the partition function of an inhomogeneous eight-vertex model with alternating rows, cf. is nothing but a row-to-row transfer matrix of an inhomogeneous eight-vertex model with alternating spectral parameters ±(λ − β/N). This is easily understood from the crossing symmetry, cf. Fig. 2 . Thus we obtain the representation 10) where T (., .) denotes the inhomogeneous transfer matrix with length N whose eigenvalues satisfy Bethe ansatz like equations [4] . The free energy per site is f = lim L→∞ F/L = −1/β lim L→∞ ln Z/L where first the limit N → ∞ has to be taken and then L → ∞. We are allowed to interchange these limits due to the theorems in [19, 20] . Standard reasoning then yields
where Λ max denotes the largest eigenvalue of the inhomogeneous transfer matrix T (., .). All other eigenvalues of T (., .) are separated by a gap which is finite for finite temperature even in the limit N → ∞. This is an important difference to and an advantage over the transfer matrices on the left-hand-side of (2.8). The next-leading eigenvalues give the exponential correlation lengths * of the equal time correlators at finite temperature
Lastly we want to comment on the study of thermodynamics of the quantum chain in the presence of an external magnetic field h coupling to the spin S = L j=1 S j , where S j denotes a certain component of the jth spin for instance S z j . Of course this changes (2.8) only trivially Consequently, the vertical transfer matrix is modified by an h dependent boundary condition. It will turn out that these modifications can still be treated exactly if the additional operators acting on the bonds belong to symmetries of the model. Therefore, a magnetic field cannot be studied unless limiting cases of the XY Z chain are investigated such as the XXZ chain.
Bethe ansatz equations and non-linear integral equations
In [4] the treatment of the eigenvalue problem for inhomogeneous transfer matrices of the eight-vertex model was described. We content ourselves with quoting the relevant * The derivation is standard involving a spectral representation and the observation that correlation functions of operators acting on vertical bonds are identical to correlations of operators on horizontal bonds (for spectral parameter v → ±λ).
formulae. Each eigenvalue of T (., .) is given by a function Λ(x) at x = 0, where Λ(x) satisfies the equation
where h(x) is defined in appendix A, ω is a constant, s = ±1, and x 0 involves the temperature via
The function q(x) is 'unknown' with functional form
and zeros y j henceforth called Bethe ansatz numbers which have to be determined under the condition that Λ(x) is analytic for all x in the complex plane. This imposes that each zero y j of the left-hand-side of (3.1) is also a zero of its right-hand-side thus yielding the well-known Bethe ansatz equations.
For the XY Z chain with zero magnetic field we have ω = 1 and a sum rule
where s = ±1 and r = ±1 are quantum numbers of the system and p, p ′ some integers
For the critical and non-critical XXZ models the corresponding limiting cases of modulus k → 1 and k → 0 describe the problem. In any case τ = 0, but there may be less than N/2 Bethe ansatz numbers such that the product on the right-hand-side of (3.4) runs over less than N/2 factors. Now an external magnetic field h may be introduced leading to a non-trivial ω namely
A compact way for writing down the Bethe ansatz equations is p(y j ) = −1 where p(x) is the ratio of the two summands on the right-hand-side of (3.1)
Instead of dealing with coupled non-linear equations for the Bethe ansatz numbers we work with (3.1) on the basis of functional equations in analogy to the approach in [16] . Shortly, the usefulness of the following functions will become obvious
where a, a etc. denote independent functions which are related by complex conjugation actually only if ω = 1/ω. Quite generally a(x), a(x) are very small for real x in the limit of large values of N. The functions A(x), A(x) in turn are close to 1. In terms of these functions Λ(x) can be written in two ways
Now we recall that all eigenvalues Λ(x) are analytic in the whole complex plane. 
where ǫ is an infinitesimally small number. The function sn is the standard elliptic sn function (cf. appendix A), here however to a new modulus k 1 which is defined by the requirement that the ratio of the corresponding quarterperiods
The kernel of the integral equation k(x) (not to be confused with the modulus) is defined by the series
where we introduced the short-hand notations
The remaining integration constant D has the value
where r = ±1. For a(x) we obtain an equation very similar to (3.11). Both equations close since a and a are related to A and A by (3.9). The integral equation (3.11) is valid for the XY Z model with repulsive (0 < λ < K ′ /2) and attractive (K ′ /2 < λ < K ′ ) interaction. In the latter case the integration paths of the first and second integral have to be shifted into the upper and lower half plane by ±i(2λ − K ′ ). For this situation an alternative set of equations is more suitable, cf. appendix C.
Lastly we want to find an equation for Λ(x) in terms of A(x) and A(x). For this purpose we may use any of the two equations (3.10) as we can calculate ln q(x) from A(x) and A(x). However, it is more convenient to multiply both equations (3.10) with the result 16) where the right-hand-side does not involve q(x) anymore. This equation is the socalled 'inversion identity' for finite N. Taking the logarithm, it is solved immediately by Fourier transforms
where c(x) is defined by
This function is related to the sn function with modulus k 1 (B.8) and other elliptic functions (B.9).
It remains to study the limit of infinite Trotter number N → ∞ in (3.11), (3.17).
Using (A.5) and (B.8) we first obtain ln a(x) = −2πβc(x) + ln rω
where we have used τ = 0 for the two largest eigenvalues. The analogous equation
for a is obtained from (3.19) by the replacement of a, A by a, A, and i, ln rω by −i, − ln rω, respectively. From (3.17) we find (as we are only interested in Λ = Λ(0) we
Equations (3.19) and (3.20) determine the two largest eigenvalues of the quantum transfer matrix corresponding to r = ±1. The leading eigenvalue (r = +1) yields the free energy according to (2.11)
where the ground state energy e 0 is given by the series in (3.20) . The next-leading eigenvalue (r = −1) determines the length (2.12) of the leading correlation function.
Numerical solutions to these equations compare well to numerical results in [10] .
However, the mathematical equations therein are not related in an obvious way to our ones.
All other solutions to (3.1) are obtained by allowing for complex Bethe ansatz numbers. For the next-largest eigenvalues of the quantum transfer matrix most of the Bethe ansatz numbers are real apart from one number on the horizontal line Im x = K ′ (1-string) or two complex conjugate numbers at an approximate distance of 2λ (2-string) [6] . The main modification of the properties of the eigenvalue function Λ(x) is the occurrence of two zeros θ 1 , θ 2 in the strip −2λ < Im x < 2λ. For these and also more general situations (3.19) and (3.20) are still valid, however with a modified integration path L encircling certain singularities of the involved functions [21] . 
where
satisfying K ′ (x) = 2πi k(x), and we have used τ = π/4K. The function h 2 is defined by 24) in terms of the function h (cf. Appendix A), now however with an elliptic modulus
The function h 2 enters (3.22) because of an application of (B.6). The integral equation (3.22) has to be solved under the subsidiary conditions a(θ 1,2 +iλ) = a(y 0 +iλ) = −1.
In order to derive the counterpart to (3.20) we have to go back to (3.17) (with integration path L). Taking the derivative, removing the loops of L, collecting the contributions due to the residues at θ 1 + iλ, θ 2 + iλ, integrating again we find
where ln Λ b denotes the 'bulk' term in (3.17) . Taking now x = 0 and N → ∞ we get
Quite similarly we proceed with a 2-string consisting of two complex Bethe ansatz numbers y ± with Im y ± close to ±λ. Here L follows the real axis with loops encircling 
where L is an integration path along the real axis below y ± ∓ iλ, and we have used τ = 0. This integral equation has to be solved under the subsidiary conditions a(θ 1,2 +iλ) = a(y ± +iλ) = −1. The corresponding eigenvalue of the quantum transfer matrix is ln Λ 2 = −βe 0 + ln r + ln k 1 sn
Limiting cases
In this section we study several cases of the XY Z chain which can be treated analytically. First we consider the XY chain which is equivalent to free fermions. Second we investigate the low-and high-temperature behaviour of the general XY Z chain.
a) The XY chain Observing that the elementary excitation energy ǫ(x) and momentum p(x) (as functions of the rapidity x) are related to c(x) by
we find the familiar expression
The correlation length of the σ z σ z correlation function is
−π/2 dp ln 1 + e −βǫ(p)
1 − e −βǫ(p) . . Performing a saddle point integration we find explicitly
Within the same approximation we obtain the correlation length of the σ z σ z func-
In addition to the terms in (4.6) and (4.8) there will be O(e −2βǫ 0 ) contributions from the first iteration of the integral equations. This is not studied here. However, for the XY Z chain with attractive interaction (K ′ /2 < λ < K ′ ) higher order iterations may lead to contributions which become dominant for sufficiently strong attraction.
Within this accuracy we get
with
where ǫ b (p) is the energy-momentum dispersion of the lowest bound states [6] . The result of (4.10) is physically very intuitive. For certain interaction parameters the gap of the bound states may be lower than that of the free states thus becoming the thermodynamically relevant one, cf. also [7, 10] .
Without derivation we communicate our result for the low-temperature asymptotics of the correlation length of the σ x σ x and σ y σ y functions
The second term in the asymptotic expansion of the σ z σ z function decays exponentially with length ξ with a high-temperature entropy ln 2 as it should be for a model with two states per site.
The critical XXZ chain
Next we study the critical limit of the XY Z chain with modulus k → 1 (entailing
where (2.6) reads
with γ = 2λ ∈ (0, π). As we are allowed to change any two signs of the interaction coefficients due to a unitary transformation [4] we see that the limiting case k → 1 corresponds to the XXZ chain with equal J X and J Z coefficients and a coefficient J Y which is smaller in absolute value. The limiting cases of γ → 0 and π yield the antiferromagnetic and ferromagnetic Heisenberg chain, respectively. For 0 < γ < π/2 the excitations are due to free states only, for π/2 < γ < π there are also bound states.
The dispersion relation of the free states is
with an obvious sound velocity of
At zero temperature the model is critical, all correlation lengths diverge like ξ ∼ 1/T which will be shown below.
The k → 1 limit of (3.19) and where
and we have used
One of the subtleties in the derivation of (5.4) is the 'renormalization' of the additive constant due to the contribution of the constant term in k(x) (3.13) in the limit of K → ∞. This can be checked directly by considering the asymptotic behaviour of the two sides of (5.4) for x → ∞ (ln a(∞) = 2 ln ω etc.). It appears that the critical limit of (3.19) for r = −1 becomes inconsistent. The missing eigenvalue is described in terms of (pure) hole excitations with N/2 − 1 Bethe ansatz numbers, N being the Trotter number.
In general the excited states are described by equations identical to (5.4), however, with more complicated integration paths L. Proceeding as in section 3 or simply taking the limit of (3.22), (3.26) we find for 1-string excitations ln a(x) = − πβ γ 1 cosh 8) and
where γ. The equations for the largest eigenvalue for the critical XXZ chain in zero magnetic field have also been derived in [18] and [22] using the non-linear integral equation approach to the study of Bethe ansatz equations.
We do not dwell any longer on these integral equations as we aim now at an analysis of all eigenvalues in the low-temperature limit using an approach with reference to [21] . There the finite-size corrections to all eigenvalues of the six-vertex model transfer matrix were calculated analytically. The integral equations in [21] are identical to (5.4) and those for the excitations provided we exchange the 'inhomogeneities' 11) where now N denotes the system size of the (homogeneous) six-vertex model in [21] .
The functions (5.11) have the same asymptotic behaviour if we identify
In [21] the 1/N corrections to the eigenvalues were found just from the asymptotic behaviour of the function on the right-hand-side of (5.11) . This means that the 1/β(= T ) contributions to the eigenvalues of the quantum transfer matrix can be obtained from [21] via the correspondence (5.12). The result is 14) and
where the magnetic field entered via (3.7), S, m are integers, and P 0 = (S − m)π is a lattice momentum. A condition for the validity of (5.13) is the finiteness of ω, i.e.
h = O(T ).
Next we discuss the physical consequences of (5.13). Applying (2.11) to the largest eigenvalue (x = 0) we calculate the free energy density at low temperatures and magnetic fields 16) which is consistent with the scaling prediction f (T ) = f (0) − (πc/6v)T 2 derived from conformal invariance [23] . The central charge c (not to be confused with the related quantity (5.14)) of the underlying field theory is 1. The low-temperature behaviour of the zero-field susceptibility is
The asymptotic behaviour of the correlation functions is determined by the nextlargest eigenvalues (2.12) with non-zero x
The 2-point function for spin components in axial direction is described by S = 0, m = ±1. For planar spin components we have the selection rule S = 1, m = 0. For non-zero magnetic field the quantity x is complex if the quantum number m = 0.
The dominant behaviour of physical correlation functions is determined by a pair ±m, such that
where we have ignored for the moment the alternating sign for a lattice moment P 0 = π. The exponential decay of the correlation functions can be obtained from conformal invariance [24, 25] 20) but not the prefactor whose oscillations in general are incommensurate with the lattice. Obviously, the scaling dimensions x of the underlying field theory are given by x = Re (x) in accordance with finite-size calculations, see for instance [21] and references therein.
The non-critical XXZ chain
Lastly we study the modulus k → 0 limit of the XY Z chain where K → π/2, K ′ → ∞, and (2.6) reads
where λ is any positive real number. In this case again two interaction coefficients are equal. The third one is larger in absolute value. This limit of the XY Z chain is the non-critical antiferromagnetic XXZ chain. The ferromagnetic XXZ chain can also be obtained in the limit k → 0, however with fixed
The thermodynamics of this model are given by (3.19) , (3.20) for the antiferromagnetic regime, and by (C.10), (C.11) for the ferromagnetic case where the limit k → 0 can be performed in a straightforward way. There are two largest eigenvalues of the quantum transfer matrix which are exponentially close in the low-temperature limit. From these eigenvalues the free energy and the leading correlation length ξ can be calculated. Upon approaching zero temperature the length ξ diverges heralding the onset of long-range order. All other lengths remain finite. In the limit of the one-dimensional classical Ising model (λ → ∞) the integral equations turn into simple algebraic equations from which the well-known results are recovered easily.
In Fig. 4a the specific heat and ξ are shown for anisotropy cosh λ = 3/2, with a convenient normalization such that J X = J Y = 1 and J Z = −3/2. In Fig. 4b these curves are given for the same Hamiltonian with ferromagnetic sign. Note the divergence of the curves at T = 0 with an essential singularity exp(±∆/T ) where ∆ = The antiferromagnetic XXZ chain of the previous paragraph is related to the socalled spin-1 biquadratic chain
where S j denotes the vector of spin-1 operators. The relation was first observed in [26] . The most systematic way to establish this employs the Temperley-Lieb algebra [27] which is satisfied by the biquadratic chain and the previous XXZ chain. The ground state energies and gaps coincide. For a calculation of the singlet-singlet correlation length at T = 0 see [28] .
Here we want to describe how the thermodynamics of the biquadratic chain are tackled. The problem of the socalled Temperley-Lieb equivalence is the unknown degeneracy of each energy level of the biquadratic chain, otherwise its spectrum is identical to that of the XXZ chain (for certain boundary conditions). We therefore choose a different approach using the classical two-dimensional counterpart to the biquadratic chain [28] . This model is an exactly solvable 3-state vertex model. We repeat the reasoning of section 2, derive the corresponding quantum transfer matrix which is an inhomogeneous 3-state vertex transfer matrix. At this point we make use of the Temperley-Lieb correspondence. The two largest eigenvalues of the quantum transfer matrix of the biquadratic chain are equal to the two largest eigenvalues of the transfer matrix of the XXZ chain .) The proof of this exact relation will be published elsewhere. In Fig. 5 the specific heat and the leading correlation length is shown. Note that the divergence at low temperature is described by the same essential singularity as in the a.f. XXZ case. The values of the specific heat in Fig. 5 are generally larger than those in Fig. 4a . This is due to the larger high-temperature entropy of the biquadratic chain. In this limit the solution to (3.19) is a = ω 2 and a = 1/ω 2 .
The integral in (3.21) can be done, yielding well with the results of [29] . A discrepancy appears at low temperatures since the biquadratic model was treated by numerical diagonalization of finite chains in [29] .
The thermodynamics for the biquadratic chain with opposite sign can also be treated, just by introducing a negative temperature for (6.2). Then equations (C.10), (C.11) have to be solved. We do not show numerical results for this case, because the computations at low temperature are difficult as it appears that the integration paths have to be deformed. However, the low-temperature limit can be studied analytically.
The result for the two largest eigenvalues is quite interesting
which implies a residual entropy S 0 = ln ω = 0.962... and a finite correlation length ξ = 1/(2 ln ω) = 0.519..., with the explicit value ω = (3 + √ 5)/2. The value of the non-zero S 0 was derived earlier [30] . The result for the leading correlation length is novel, its finiteness implies absence of long-range order at T = 0.
Appendix A
In this appendix we list the definitions of the Jacobian elliptic functions and related quantities. Elliptic functions are complex, meromorphic and doubly periodic functions. Here we denote the argument by u. Another parameter which determines the periods is the nome q with 0 < q < 1. The quarter-periods K, K ′ , the modulus k and the conjugate modulus k ′ are defined by
The Jacobian elliptic functions sn , cn , dn with periods 4K, 4iK ′ , and the related snh , cnh , dnh functions are
where the theta functions H(u), Θ(u) are defined by
These functions satisfy a bewildering variety of identities of which we cite only
A more comprehensive summary can be found in [31] and [4] .
In the main body of the paper a function h(v) is used which is defined by
enjoying the properties
Appendix B
Here we list the Fourier transforms of some functions appearing in section 3. The main strategy of the solution procedure in section 3 is to formulate functional equations for certain functions and to solve them by Fourier transforms. All functions which we have to deal with are 4K periodic. We therefore introduce the Fourier transform and its inverse
kx ,
As we have to study the logarithms of periodic functions g(x), it may happen that ln g(x) is not periodic, but acquires a phase shift ln g(x + 4K) = ln g(x)+ const. In that case we apply (B.1) to the derivative of ln g(x) or introduce a linear term in (B.1). For the functions h and sn we have the explicit formulae
In section 3 we take the Fourier transforms of equations relating different functions at different values of the argument. One has to be aware that a Fourier representation is convergent only in certain strips of the complex plane. For the largest eigenvalues for instance, i.e. real Bethe ansatz numbers, ln q(x) is analytic in each strip n2K ′ < Im x < (n+1)2K ′ , but singular on the boundaries. We take the strip −2K ′ < Im x < 0 as the 'fundamental' regime where we define the Fourier transform. All expressions of ln q(x) with arguments x in other strips are related to the 'fundamental' regime by (quasi) periodicity. In this way we find the appropriate versions of (3.10) and the appropriate expression for a(x)
The kernel (3.13) satisfies two important functional equations
which may serve for an analytic continuation of k(x) outside the strip of convergence of (3.13).
Lastly we give two expressions of the function c(x) (3.18) in terms of standard elliptic functions
where the sn function carries the modulus k 1 (3.12) and the dn function a new modulus k 3 .
Appendix C
In section 3 we have derived a set of integral equations which determine the thermodynamics of the XY Z chain. However, for the model with attractive interaction 
Recalling that due to a unitary transformation we are free to change any two signs of the interaction coefficients [4] we see that the interchange of λ with K ′ − λ amounts to the replacement H → −H. Instead of treating the thermodynamics of the chain with crossing parameter λ at temperature T we may study the chain with crossing parameter K ′ − λ at temperature −T . This is actually possible.
From now on we consider the model for a crossing parameter λ with 0 < λ < K ′ /2 at negative temperatures −T (T > 0). In this case the auxiliary functions a and a in These equations determine the free energy density and the leading correlation length of the quantum chain in the attractive regime. Here we do not present a study of the next-leading eigenvalues due to 1-and 2-strings.
Captions Fig. 1 The eight arrow configurations allowed at a vertex and the corresponding Boltzmann weights. 
